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Abstract 

A large variety of the most important problems of applied mathematics 
reduced to finding solutions of nonlinear functional equation, which can be 
formulated in terms of finding the fixed points of a nonlinear operator. Since 
the appearance of celebrated Banach contraction principle in 1932, several 
generalizations and improvements of this theorem have been obtained. 
Heilpern [S. Heilpern, Fuzzy mappings and fixed point theorems, J. Math. 
Anal. Appl. 83(1981), 566-569.] generalized the Banach Contraction Principle 
by introducing a contraction condition for fuzzy mappings and established a 
fixed point the existence of fixed points and common fixed points of fuzzy 
mappings satisfying a Banach type contractive condition. In the present paper, 
we establish a coincidence point theorem for a pair of fuzzy mappings under a 
contractive type condition and obtain a significant extension of Heilpern result. 
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1 Introduction 

Several authors (for example see [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 15, 16]) 
studied the fixed point theorems in fuzzy mathematics. Recently Abu-Donia 
[1], Kamran [11] and Azam etal [4] studied an important role of Hausdorff 
metric between fuzzy sets and obtained common fixed points of a pair fuzzy set 
valued mappings under a (^-contraction in a metric space. 

In this paper we establish common coincidence point theorems for a crisp 
and a pair of fuzzy mappings satisfying ip contractive condition. Among others 
some basic results (for example see [9, 10, 14]) can be obtained as corollaries 
of our results. As applications, we obtain a common coincidence point theorem 
for a single valued mapping and a pair of set-valued mappings. Moreover, we 
apply it to establish some existence and uniqueness theorems of solution for a 
class of nonlinear integral equations. 
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2 Preliminaries 


Let (X,d) be a metric space, (V,d v ) be a metric linear space, C (2 A ) be the 
family of nonempty compact subset of X and A, B £ C (2 X ). 

d(x,A) = inf [d(x,y), 
y£A 

d{A 1 B)= inf d(x,y). 

x£A, ytzB 

Then the Hausdorff metric H on C (2 A ) induced by d is defined as: 

H ( A , B) = max < supd (a, B ), supd (A, b) > . 

beB J 

A fuzzy set in X is a function with domain X and values in [0,1], I x is the 
collection of all fuzzy sets in X. If A is a fuzzy set and x £ X, then the function 
values A(x) is called the grade of membership of x in A. The a -level set of a 
fuzzy set A, is denoted by [A] a , and is defined as 

[A] a = {x : A(x) > a} if a G (0,1], 


Mo = i x : A ( x ) > °}> 

A = {x : A(x) = rnaxA (j/)}. 

yex 

For crisp subset A of X, we denote the characteristic function of A by Xa- A 
fuzzy set A in a metric linear space V is said to be an approximate quantity if 

and only if [A] a is compact and convex in V for each a e [0,1] and sup^4(a:) = 1. 

.H r 

Define some sub-collections of I x as follows: 

W(V) = {A € I v : A is an approximate ciuantity in V}, 

K (X) = {A£l x :AeC (2 X )} , 

€ {X) = {d € I x : [A] a € C (2 a ) , for each a £ [0,1]} . 

For A, B £ I x , A C B means A(x) ^ B(x ) for each x £ X . If there exists 
an a £ [0,1] such that [A] a , [B\ a £ C (2 A ) then define 

P a (A,B) = inf d(x,y), 

D a (A,B) = H([A] a ,[B]J. 

If [A] a , [B] a £ C(2 X ) for each a £ [0,1] then define P(A,B),doo(A,B) : 
€(X) x £(X) —> R, (induced by the Hausdorff metric H) as follows: 

= sup p a (A,B), 

a 

= sup D a (A,B). 


p(A, B ) 
d 00 {A, B) 
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Let W be an arbitrary set, X be a metric space. A mapping T is called 
fuzzy mapping if T is a mapping from W into I x . A fuzzy mapping T is 
a fuzzy subset on W x X with membership function T(x){y). The function 
T(x)(y) is the grade of membership of y in T{x). The family of all mappings 
from W into I x is denoted by (J' Y ) W . A point u £ W is called coincidence 
point of F : W —» X, T : W —► I x if T ( u ) (Fu) ^ T (u) (x) for all x £ W. 
The set {u € W :T (u) ( Fu ) ^ T (u) (x) for all a: € W} of all coincidence points 
of F and T is denoted by Coin(F, T). A point x GCoin (I, T ) (where I is identity 
map) is a fixed point of T [8]. 

Lemma 1 [14] Let A and B be nonempty closed and bounded subsets of a metric 
space ( X , d). If a £ A, then d (a, B) ^ H (A, B). 

Lemma 2 [2] Let (V,d v ) be a complete metric linear space, T : V —» W(V)be 
a fuzzy mapping and x 0 £ V. Then there exists X\ £ X such that X{xi} C T(x 0 ). 

Lemma 3 [1] Let <p : M + —> K + be a nondecreasing function satisfying the 
following conditions: ip is continuous from right and T 1 (t) < 00 for all 

t > 0 (ip 1 denote the ith iterative function of ip). Then ip (t) < t. 

In the following we always suppose that <p is a function satisfying the con¬ 
ditions of Lemma 3 and T is the mapping induced by fuzzy mappings T i.e., 

Tx = {y : T (x) (y) = max T (x) (f)}. 

Lemma 4 [1] Let W be a nonempty set, (X,d) be a metric space, x* £ W and 
T : W —> I x be fuzzy mappings such that Tx £ C (2 X ) and for all x £ X. Then 
x* £ Tx* iff T (x*) (x*) ^ T (x*) (x) for all x £ X. 

3 Main Results 

Theorem 5 Let W be a nonempty set, (X,d) be a metric space and <J>, A/ : 
W —> I x , £ : W —> X such that 4>a;, 4'a: £ C (2 x ) for all x £ W, 

|J C (fW. (1) 

xew 

Suppose that for all x,y £ W 

H($x,$y) < tp ^max|d(^x,^y), d(£x, Sx), d{£y, $y)|) . (2) 

If f is injective and either tfW or |^J U H/cc is complete. Then 

xew L 

Coin (£, $) f) Coin (£,*)?(!>. 
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Moreover, if ‘f’x, x are singleton subsets of X for all x then Coin(£, <f>) fjCoin(£, dt) 
is singleton. 

Proof. Choose Xo G W, then by hypotheses <&xo G C (2 A ) . Using (1) and 
compactness of $xo, we obtain x\ € W such that £xi € 'hxo and 

d (£x 0 , £xi) = d (^x 0 , $x 0 ) ■ 

Similarly, we can choose X 2 € W such that £x 2 G v I'Xi and 

d (£xi, £x 2 ) = d ^xi, $Xi) . 

By induction we produce sequences {x n } and {£x n } of points of W and £W respectively 
such that 

£x 2 k+i G $x 2 fc, 

£,X2k+2 G tE , x 2 fc+i, k = 0, 1,2, ••• 

such that 

d(£X2k,&2k+l) = d(£x 2fc,$X 2 fc), 

d(^x 2 fc+i,^X 2 fc+ 2 ) = d(^ 2 fc+i,^a: 2 fc+i), k = 0,1,2, •••. 

Using Lemma 1 along with the above equations, we have 

d(£X2k,&2k+l) < H ($X2k-l,®X2k) , 

d(£x 2 k+i>£x2k+2) < fL($x 2 fe,^a’2fc+i), fc = 0,1,2, ••• . 

Assume that £x 2 fc = £x 2 fc+i for some k ^ 0, then as £ is injective, 


X 2 fc = X 2 fc+1, ’f , X 2 fc = '&X 2 k+l 


d(^X 2 fc+l,^X2fe+2) < fL($X 2 fc,^ , X2fe+l) 

< (max|d(^x 2 fe,^X2A;+i), d(£x 2 k, ®%2k), d(^x 2 fe+i, $x 2 fc+i), | 

< ¥ , (rf(^2fc+l,^2fc+2)) ■ 

Since, <p (t) < t for all t > 0, therefore, the above inequality implies that 
d (£x 2 fc+i, Cx’ 2 fc+ 2 ) = 0, which further implies that £x 2 fc = £x 2 fc+i G $x 2 fc, £x 2 fc = 
£x 2 fc+i = £x 2 fc +2 G tE , x 2 fc+i = \E r x 2 fc. It follows that 


£x 2fe G $x 2 fc n ^x 2 fc. 


Then Lemma 4 yields 


$ (x 2 k) (£x 2 k) > $ (x 2 fc) (x), \I> (x 2 fc) (£x 2 fc) > 'L (x 2 fe) (x), 
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for all x £ W. Thus in this sequel of the proof we can suppose that £,x n+ \ ^ 

£ x n for n = 0,1,2 • • • . Again by using inequality (1), we have 

d(£x2k+i,&2k+2) < H($X2k,'&X2k+ 1) 

< (p(max{d(£x 2 k,£x 2 k+i),d{£x 2 k+i,£x 2 k+ 2 ),}) • 

If max {d(£x 2 k,t;X 2 k+i), d(£ x 2 k+i, £x 2 k+ 2 )} = d(£x 2 k+i, £x 2 k+ 2 ), then the above 
inequality implies that (i(^ 2 fc+i,^a; 2 fc+ 2 ) < p (d(£x 2 k+h & 2 k+ 2 )) < d(£x 2 k+i, £z 2 fc+ 2 ), as 
£,x n+ -y ^ £ x n for n = 0,1,2 • • • , which is a contradiction. It follows that 

max{d(^2fe,Ca;2fc+i),d(C*2fc+i,^2/ s +2)} = d(£x2k,&2k+i)- 

It further implies that d(£# 2 fc+i) C a; 2 fe+ 2 ) ^ p (d(££ 2 fc ; £x 2 fc+i)) • Consequently, 

d{£x n+ i,£x n ) < p (d(£x n ,£x n -i)) < p 2 (d(£x n -i,£x n - 2 )) < • • • < p n (d(£x i,£x 0 )), 

for each n ^ 1. Now for each positive integer m,n (n > m), we have 

^X n ^ ^ d^X m j ^m|l) t4^m+lt^m+2) 1 

< (<*(£*!, £*,,))+ ¥>"* +1 (d(£zi,£ 2 ;o)) H-hv3 n_1 (d(£ah,£a:o)) 

n— 1 oo 

< v l (d(£ri,£ e 0 )) < (d(£xi, £x 0 )) ■ 

i—m i—m 

Since, p l (t) < 1 for each t > 0. It yields that {£x„} is a Cauchy sequence. 

As £W is complete, there exists u € W such that £ x n —> £u (this holds also 
if [J |$iU$i is complete with lim ^x n € [J C £W ). Now, 

xEW x£W 

Lemma 1 implies that 

d(£,U,$u) < d(£u,£x2n) + d(t;X2n,®u) 

< d(£u,£X2„) + H(§X2n-l,®u) 

< d(£u,£ar 2 n ) + <p^max|d(£u,£a: 2 „-i),d(£u,$w),d(£a: 2 „.»i,£a: 2 „)|) . 

Letting n —» oo, and using the fact that p is continuous, we have, 

d(£u, <f>w) ^ p (d(£u, <f>w)j . 

Using the above inequality along with Lemma 4, we have 

$ ( u ) (£u) ^ <E> ( u) (x ), 
for all x € W. Similarly, by using 

d($u, Vu) < d(£u, x 2n +i) + d(^x 2 n+i,^u), 

we have 

T (u) (£it) ^ T (n) (a;), 
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for all x £ W. Hence u £ (Coin (£, <E>) f) Coin (£, 4/)). Finally, we show that, if 
<i>x, 4 >y are singleton subsets of X for all x, y £ X , then (Coin (£, <P) f] Coin (£, 4/)) is 
singleton. For this, assume that there exists two distinct points u,v £ (Coin (£, $) (”| Coin (£, T)). It 
follows that 

^ £v, £u = &u = >F u and t;v = 


Using inequality (1) 
d(£,u,£v) 


, we obtain 
= H($u, §u) 

^ ip ^max |d(^u, £v), d(t;u, 4>it), d(£v, ’Pz))j^ 

< ip (max {d(£it, £v), d(£,u,£u),d(£v,(,v)}) 

< <P (d{£,u, £v)) < d(£u, £v), 


which is a contradiction, hence d(t;u,£v) = 0 and so u = v. Therefore, for A = 
B = 4/, all conditions of Theorem 8 are satisfied. Hence there exists a unique 
r] £ X such that (£?y) (t) = (Tr?) ( t ) for all t, which is the unique solution of the 
integral equation (4). ■ 


4 Future Expectations as Generalizations of Fuzzy 
Mappings 

Proof. As a generalization of fuzzy mappings , the following concept of soft 
set-valued mappings may be introduced to extend famous Nadler’s fixed point 
theorem, Edelstein’s type fixed point theorem as soft set extensions. ■ 

5 Soft Set-Valued Mappings 

A pair ( F , E ) is called a soft set [13] (over X) if and only if F is a mapping of E 
into the set of all subsets of X. 

Denote by [P(X)] E , the set of all soft sets over X. A mapping T : X —> 
[P{X)) E is called a soft set-valued mapping. A point x* £ X is said to be an e- 
soft fixed point of T if x* £ (Tx*)(a(x*)), for some a(x*) = e £ DomTx*. 
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